Direct numerical simulations were performed to identify the kinetics of liquid release from a foam into a porous substrate like a skin or a bunch of hair. 
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Accepted Manuscript www.rsc.org/softmatter Soft Matter wallpapers. Foams are widely utilised in food, cosmetics, pharmacy, mining, petroleum and gas industries. [1] [2] [3] That is why they attract scientific attention already over many decades. [4] [5] [6] [7] [8] [9] [10] The liquid flow in between the gas bubbles through Plateau borders, nodes and films in foam driven by capillarity and/or gravity forces is referred to as drainage. The equations of foam drainage were derived using the combination of the liquid momentum and mass balance equations. The drainage equations have been solved numerically and/or analytically for various situations including free drainage, where liquid drains out of a foam due to the influence of gravity and capillarity, [11] [12] [13] [14] [15] [16] wetting of a dry foam, where a dry foam is in contact with a liquid at its base and the liquid rises to the top by capillarity, 17, 18 forced drainage, where liquid is added to the top of foam column producing a traveling wave, 15, 16, [19] [20] [21] and pulsed drainage, where a small volume of liquid is injected at the top of a foam and left to evolve. 15, [22] [23] [24] A especial case of these situations is the gravity-free case, where a liquid flows in a foam in the absence of significant gravitational forces and the motion of the liquid is governed by the capillarity only. 17, 25, 26 The studies on drainage kinetics are of a significant importance for industry. Accordingly, theories of foam drainage have been developed over the last decades 22, 27 and a number of techniques and methods such as foam pressure drop technique, 1 Eiffel Tower construction, 28 and Plateau border apparatus experiment 29 have been proposed to control and/or accelerate the rate of liquid drainage. The rate of liquid drainage in these techniques can be adjusted by a controlled reduction of the pressure at the top and/or at the bottom of the foam column, by varying the shape and geometry of the container, and by changing the surface properties of the foaming solution, respectively. Despite a considerable progress in controlling the rate of foam drainage and understanding foam properties, there is still no straightforward way to create foam with desirable properties suitable for a specific application.
Recent investigations have confirmed that foams are an efficient alternative method of drug delivery on the skin of patients. [30] [31] [32] [33] Lotions, creams, gels and ointment are the most common topical vehicle delivery systems that have been applied in dermatology; foams are delivery systems which grow in popularity. The density of foams is much lower than that of traditional vehicles and they spread out more easily. 3 This reduces the requirement of applying pressure or prolonged period of contact with the sensitive diseased skin. 31 In addition, drugs from foams absorb and penetrate more quickly as compared to other carriers. 
Mathematical model
There is a substantial difference in the drainage/imbibition of foam in the case of a free drainage (for example, foam placed on a solid substrate) and a drainage/imbibition of a foam placed on a porous substrate. In both cases the drainage is caused by the action of both gravity and the capillary forces. However, if foam is initially wet enough, then sooner or later the drainage/imbibition results in a formation of a free water layer under the foam and the water content in the foam layer immediately above the free water layer reaches the rigidity limit 41 which for 3D mono-disperse foam can be estimated as 0.36 corresponding to random packing limit for spherical particles. 42 Sometimes the maximum liquid fraction is estimated as 0.26, what correspond to the minimum possible voids content at hexagonal packing of equal spheres. 4 The latter value is accepted below. The equilibrium distribution of the water contents in the foam in the end of a free drainage is well known. 4, 15 Important to notice that even in a relatively thin foam layer, the water content distribution is non-uniform over the foam height: from the highest possible at the bottom to the lowest at the top.
The scenario is substantially different in the case of foam placed on a porous substrate: (i) the presence of unsaturated pores inside the porous layer results in an imbibition of water from the Plateau channels into the pores, i.e. drainage/imbibition proceeds faster and (ii) this results in a drier foam layer in contact with a porous substrate and close to the end of the drainage/imbibition process the liquid volume fraction will become lower as compared with the free drainage and below some final value. The final value can be characterised as follows:
if the water contents is above this final value then the pressure inside the Plateau channels is 
where µ is the dynamic viscosity of liquid, which foam is built of, f~ 49, A(z, t) is the Plateau border cross-section at position z and time t; ρ and g are the liquid density and the gravity acceleration, respectively; 
where R b and R pb are the radii of the bubble and Plateau border, respectively, ϕ is liquid volume fraction and C 1 is a geometrical coefficient, C 1~0 .4857 for a foam with Kelvin structure. 4 Substitution of Eq. (3) into Eq. (1) results in the following equation for the liquid volume fraction ϕ:
Let us introduce the following dimensionless variable and co-ordinate: 
There are two dimensionless parameters in the latter equation. Their ratio is 
Assuming that the liquid films between bubbles in foam are flat (i.e. in a dry foam, R b >> R pb ) the pressure in all bubbles is identical 43 and equals to:
where P a is the atmospheric pressure. The pressure in the Plateau border is lower than that in the bubbles on the value of the capillary pressure:
From Eqs. (2), (8) and (9) the pressure in the Plateau border is
Let us introduce P pm as the mean capillary pressure inside capillaries in the porous substrate, which can be estimated by pm pm R n P γ , where R pm is radius of pores, n =1 in the case of porous media built by cylinders and n=2 in the case of two dimensional geometry. Accordingly, the pressure difference, which results in the liquid flow from the Plateau channel into the porous substrate at the foam/porous substrate interface, will be
If ∆P > 0, then liquid from the Plateau border will penetrate into the porous substrate. If ∆P < 0, then penetration will not happen. The latter consideration and Eq. (11) 
then, Eq. (13) can be rewritten as:
Substitution of expression (13) 
then substitution of Eq. (13) into Eq. (7) results in the following dimensionless equation for the foam drainage:
Liquid imbibition into porous substrate
The kinetics of imbibition of a liquid into a porous substrate is described by the Darcy's equation:
and (20) where pm Q is the flux of the liquid inside the porous substrate, ε is the porosity, L is the depth of the wetted part inside the porous layer, κ is permeability of the porous substrate, ∆P is the pressure difference causing the liquid imbibition, according to Eq. (11). Substitution of Eq.
Let us introduce the following dimensionless variables:
where L 0 is the characteristic depth of penetration which is defined as:
and t 0 and ϕ cr are defined by Eqs. (16) and (15) 
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. (23) The above dimensionless equation describes the kinetics of liquid penetration into the porous substrate.
Foam/porous substrate interface
The boundary condition at the foam/porous substrate interface is a mass conservation of the liquid in the case when the free liquid layer does not form:
where Q f is the flux of liquid from foam to the interface. It can be concluded using Eq. (4): On the other hand, from Eqs. (19) and (11) , the flux of liquid from interface into the porous substrate is:
Substitution of Eqs. (25) and (26) into Eq. (24) results in the following expression for the mass conservation of the liquid at the interface (no free liquid film):
Using dimensionless variables and co-ordinate as before:
, Eq. (27) can be rewritten as: 
Substituting Eq. (22) (29) results in the following dimensionless equation for the conservation of liquid at the interface: where k z =2 and S pv =2/R pm for cylindrical pore shape, then Eq. (30) can be rewritten as:
The suggested system of equations (18), (23) (33) and in dimensionless form at . The boundary condition (33) or (34) is valid until the moment t M and afterwards the condition (32) is again satisfied.
In the case of liquid accumulation at foam/porous substrate interface, a mass balance of liquid leads to the following equation for the thickness of film in between the foam and the porous substrate:
where h is the thickness of the liquid layer. It is assumed in Eq. (35) that the thickness of liquid layer, h(t), is so small and the pressure inside the film remains constant and is equal to that given by Eq. (10).
We use below the following dimensionless variables and co-ordinate:
, where h 0 is the characteristic thickness of liquid layer which is determined as:
Using the above expression, Eq. (35) can be rewritten as: The suggested system of Eqs. (18), (23) and boundary condition (32) in the case no liquid layer is formed over porous substrate or conditions (32), (34) and (37) in the case of liquid accumulation at the foam-porous substrate interface include three dimensionless parameters:
Bo, α (according to Eq. (15)) and the porosity of the porous substrate, ε.
Model calculation
The model of foam drainage/imbibition described by dimensionless Eq. (18) (32), (34) and (37) in case of liquid layer accumulation. According to Eqs. (18), (23), (32), (34) and (37) kinetics of foam drainage/imbibition depends on three dimensionless numbers: Bo, α and ε. Furthermore, the initial value of liquid volume fraction in foam, φ(z, 0), was set to be varied in simulations in order to investigate its effect on the kinetics of foam drainage/imbibition.
Results and discussion
The typical dependence of the liquid volume fraction, φ, on the dimensionless foam height, ζ, is shown in Fig. 1 at different That is why the further decrease in the liquid volume fractions slows down and in some cases after initial drop; the liquid volume fraction starts to increase and experiences a peak point (see τ=0.002 in Fig. 1 ). This process is controlled by Bond number, α, ε and initial liquid volume fraction, φ(z, 0). 
Rapid imbibition
As shown in Fig. 2 φ(ζ =1,τ) is a decreasing function of time at low Bo, α and φ(z, 0), and high porosity values, ε (e.g. Bo=1.23 in Fig. 2(a) , α=2 in Fig. 2(b) , ε=0.06 in Fig. 2(c) and φ(z, 0)=3% in Fig. 2(d) ). In these cases, liquid imbibition into porous substrate occurs quicker as dominates, is referred to as a rapid imbibition. Fig. 3 shows the time evolution of liquid volume fraction over the foam height at low values of Bo, α and φ(z, 0) and high value of porosity, corresponding to the regime of rapid imbibition. Bond number is a ratio of hydrostatic pressure in foam to capillary pressure in bubbles as is defined by Eq. 17. Accordingly, at lower Bond numbers, the capillary forces in foam dominate the gravitational forces acting downward and thus, liquid drainage due to gravity occurs slower than the imbibition into the pores of porous substrate. Therefore, Figs.
1 and 3(a) show the considerable difference: at identical α, ε and φ(z, 0), the liquid supply from higher parts of the foam occurs slower at low Bo numbers ( Fig. 3(a) as compared with that in Fig. 1 ). α is a ratio of bubbles radius to the radius of pores according to Eq. 14. At low α numbers, the drainage at the top of the foam proceed slower while the capillary suction imposed by the porous substrate is not considerable also. Therefore, at identical Bo, ε and φ(z, 0), the liquid supply from higher parts of foam occurs slower at lower α numbers (Fig. 3(b) as compared with that in Fig. 1) . It is also possible to conclude from both Fig. 2(a) , α=8.33, 10 and 13.89 in Fig. 2(b) , ε=0.025, 0.03 and 0.0325 in Fig. 2(c) and φ(z, 0)=4.8, 5 and 5.5% in Fig. 2(d) ). This regime, when the rate of the imbibition into the porous substrate is comparable with the rate of drainage, is referred to as an intermediate imbibition. Accordingly, as shown in Fig. 1 
Slow imbibition
The system switched to a different regime at high Bo, α and φ(z, 0), and low ε values (e.g.
Bo=9
.81 in Fig. 2(a) , α=25 in Fig. 2(b) , ε=0.02 in Fig. 2 (c) and φ(z, 0)=6% in Fig. 2(d) ). This regime, when the liquid volume fraction at the foam/porous substrate interface can increase to a maximum limiting value and free liquid layer is formed over the porous substrate, is referred to as a slow imbibition. 
Transition points between three regimes of drainage/imbibition
It was shown earlier that the kinetics of foam drainage/imbibition depends on the values of four parameters: Bo, α, ε, and φ(z, 0). Below we try to find relations between these four parameters, which determine transitions between three different regimes of the 
